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ABSTRACT

We continue here the line of investigation begun in [7], where we showed that
on every Banach space X = /, @ W (where W is separable) there is an operator
T with no nontrivial invariant subspaces. Here, we work on the same class of
Banach spaces, and-produce operators which not only have no invariant
subspaces, but are also hypercyclic. This means that for every nonzefb vector
x in X, the translates 77x (r=1,2,3,...) are dense in X. This is an
interesting result even if stated in a form which disregards the linearity of 7~ it
tells us that there is a continuous map of X \ {0} into itself such that the orbit
{T'x:rz 0} of any x€X\ {0} is dense in X\ {0}. The methods used to
construct the new operator T are similar to those in [7], but we need to have
somewhat greater complexity in order to obtain a hypercyclic operator.

§1. Introduction

Throughout this paper the underlying field for our Banach spaces may be
either R or C.

As we did in [7], we may without loss of generality assume that W is
equipped with a biorthogonal system {x;}>,, {x*}2, such that -ﬁ{x,-} =W
and || x; || = || x*|| =1 for each i. We shall write (g;);%, for the unit vector
basis of /, and we shall assume that the direct sum /, @© W is taken in the sense
of /,. Writing F for the dense subspace of X spanned by {x;} U {g;} the norm of
an operator S: F — Z is bounded by

(L.1) IS é(sl:g Il Sg: II)v(il Il Sx; |I>-
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1.2. Let d =(d;)~, denote a strictly increasing set of positive integers,
which will be required to “increase sufficiently rapidly” in the usual sense (see
[4], §1). We will split up d into three subsequences a, b and ¢, where a; = d;, _,,
bi=dy_, and ¢;=dy. So a,<b,<c¢;<a,<b,<-.--. Let us also write
h; =[2log, ¢; ] (where [ x| denotes the least integer not less than x).

1.3. Once again, we use the abbreviation p.d. to mean “provided d increases
sufficiently rapidly”.

1.4. We write | p| for the sum of the absolute values of the coefficients of the
polynomial p, deg p for the degree of p, and | p |, for the largest absolute value
of any coefficient.

1.5. We define the sequence ( f;), as in [1], §1.6;
Xns ifi=a,—1, nEN;
fi=18&, if0=i<a -1,
&i—n» ifa,<i<a,1,—1, nEN.
1.6. If § C {g;:i =0} we write ng for the norm | projection X *E(S)
which annihilates ¥ and sends g; to g; (i €S) or zero (i €S).
§2. Defining the operator

2.1. DeFINITION. For each integer v = 0, let (P,, | - |) be the finite dimen-
sional Banach space of polynomials of degree at most v, with the |- | norm
given by (1.4), and let us choose once and for all a minimal -net x, for the unit
ball of P,, where ¢ =47, and let us write M (v) for the number of elements in
n,. We will write n, = {p;,: 1 =i = M(v)}.

2.2. DErFINITION. Given the sequence d, let us define three further se-
quences (4,)%,, (v)2, and (&), as follows.

(2.2.1) & =0,
(2.2.2) Uty = na,,
(2.2.3) v, = n(a, +b,),
M(®)
(2.2.4) E=v,+h, ¥ d.

j=1
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2.3. DerFINITION. Given d, let A, be the collection of all nonzero polyno-
mials p(¢) with the following properties.

(2.3.1) p has nonnegative integer coefficients.
(2.3.2) Iplo=h,,

(2.3.3) deg p = M(v,),

(2.3.4) t| p().

2.4. DerINITION.  For each n we order A, U {0} lexicographically by writ-
ing p; < p, if, when we write

M(v) '
pl(t) = E aijtj (l = 1: 2)7
j=1

we have a); <ay;where J = max{j: a; # ay}.

The reason why this is the “correct” ordering for A, is given by the following
simple lemma.

2.5. LEMMA. P.ud. the following is true.
For all n EN, and all p,, p,EA, U {0} such that p, < p,, we have

(2.5.1) pi(cy) = picy) — ¢
also,
(252) pl(cn) < pZ(Cn) - %C;II

where J = max{j: a;; # «;;} (notation as in 2.4).

PrROOF. With the notation of §2.4,

M(v,) '
picy) — pilca)= X (ayy — ay)ch,
i=1

J
= Y (ay —ay)c;  (by definition of J)
Jj=1

zZea —|pla!

Zc, —degpi- | piloecy!
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Zc)— M(v,)[2log, c,]-c;”!  (by2.3)
z3-¢ pd,

since M(v,) depends only on 7, g, and b,. So (2.5.2) holds; (2.5.1) follows
trivially because p,(¢) and p,(t) are both divisible by ¢.

2.6. DEFINITION. We write p, for max(A,, <), and we note that

M)

(2.6.1) Bat)=h, I t-.
k=1

If p < pn, pEA, U {0}, we write p* for the successor of p in (A, U {0}, <),
and J( p) for the largest k such that the coefficients of ¢ in p(¢) and p*(¢) are
different.

2.7. DEFINITION. Let E be a vector space of countable dimension over our
underlying field, with basis (¢;)%,. Let T: E — E be the right shift, that is, the
linear map such that T(¢;) = ¢, , for each i.

We now come to the main definition of the proof.

2.8. DerFINITION. Let the sequence d be given. We shall show that, p.d.,
there is a unique isomorphism 8 : F — E with the following properties.

(2.8.0) 9, = e,.

(2.8.1) Ifintegers r, n, i satisfy O <r =n, i €[0, ¢,_,] + ra, then

Bf; = an—r(ei - ei—ra,.) (we take Q= 1)'

(2.8.2) If integers r, n, i satisfy 1 <r =n,
i€((r—Da, +&,_,,1, ra,) (respectively, n = 1, i €(&,_ |, a,)), then
o =24,

where h = (r — }a, (respectively, h = 1a,).
(2.8.3) If integers r, n, i satisfy 1 <r =<n, i€[r(a, + b,), na, + rb,], then

bf, =€ —bye, s,

(2.8.4) If integers r, n, i satisfy 1 =r <n, i €(na, + (r — )b,, r(a, + b,))
then
of, = 2¢-h g,

where h = (r — })b,.
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(2.8.5) If for some p€EA, we have i €[ p(c,), p(c,) + v,], let d =deg p.
Then

9]: =2!-1# 'cn(ei - p-a’,v,(T)ei«c,.‘)-
(2.8.6) If p < p,, pEA, U {0} and i E( p(c,) + v», P*(c,)) then
f=2k-iveirn o
where & = (p(c,) + p*(c,))/2.

Note that, p.d., Definition 2.8 gives 6f, = Z/_, a;;¢; uniquely for each i = 0,
and since a;; is never zero, this linear relationship is invertible. So @ exists and
is an isomorphism, and indeed,

lin{fe;:0=i=n}=0lin{f:0=isn}=F,

say, for all n = 0. We shall identify E with the dense subspace F of X by
O~ ':E—-F.If x=3N,ieEF,wewrite |x| =ZX, |4].

2.9. DeFINITION. Foreachn = 0,letl,: (F,, || - | )= (F,,| - |) be theiden-
tity map. We note that if n = u,, (respectively, n =v,, of n =¢,,) for some
m €N, then the norm || - || on F, depends only on the underlying space X, the
value of m, and the elements {a;: | =i =m}, {b;,¢;: 1 =i =m — 1} (respec-
tively, {a;, bi: 1 Si=m}, {¢:1=i=m—1}or {a,b,c:1=i=m})of
the sequence d. So for a given space X, there are functions M,, M,, M, : N*—
N such that for all m €N, and all 4 such that (2.8) is meaningful, we have

(2.9.1) N2, v I || < M(m, a,,),
(2.9.2) IL, v L) = Ma(m, by),
(2.9.3) Me I v IHe" | = Mym, ci).

Let us choose such functions, once and for all.

2.10. DeFINITION. Let Q,,(m = 1) denote the projection F — F,,_such that
f; 0=j =,

On(f) = Vf-ratic-nimans  JEO G/l +ra,; O<n-—m<r=n,
0, otherwise.

2.11. DEFINITION. Let R}, (m = 1) denote the projection F — F,_such that
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j_;’ Oé.] éém,
Rgt(j;)= '—an—rej—ra,.s je[oaén—r]-*_ram 0<n_m<r§na
0, otherwise,

and let Q% =(I —m,)o R where S = { fi: u, <i £&,} C (g}

2.12. DEFINITION. Let P, ,, (m > n = 1) be the operator 1, , ° @,,, where
Tam ' F, — F

Hm?®
e, 0=j<(m-—nja,,
Tnm (ej) =
0, (m —n)a, =j = ma,,.

NoTe 2.13. The map T': ¢, —~¢; ., may now be regarded as a map on F.
Our job is to show that, p.d., this operator is continuous and extends
continuously to a hypercyclic operator on X,

§3. Preliminary arguments

LeMMA 3.1. | Q. || = m for each m.

Proor. By (L.1), || Qn | =max(sup; | @n& I, 221 | QmxX; ||)- Now
(2.10) gives Q,,( f;) = f; (some i = j) or zero for every j;so || @, f | =1 hence
| Qmgi | =1 for all j. Thus, || @, || =max(l, 22, || @unx; || ). But Q,x; =
O fo-1= fo—1 (i = m) or zero (i > m) (3.1.1). Hence, || Q, || =m.

LemMma 3.2. | Q2 |, IR || =a,forallm,pd.
ProoF. Definition 2.11 gives RS (x;) = x; (i =m)or 0 (i > m), so
Il R% | = max(sup || RL.g; ||, m).

Now {g}C {f}, and R} (f) is f; or zero unless jE[0,&_,]+ra,, 0<
n—m<r=n,when

IRASN =an |l €ray | SOm-i N €re, | SAm-i I} 1] 16100,
(sincej —ra, = ém—l)
Za,_ Mm—1,¢c,_) by(2.9.3).

Hence
| RS || =max(a,_ Mym—1,¢,_)),m)=<a, pd.
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and
NOmll = NI—msll | R% Il = IIRY ||

LemMma 3.3. Pd., we have |P,,|, || tom| =max(a,,,, m), and
| QuPom | S Gnsyforalln<m.

Proor. Using (1.1) again, we examine sup || P, g || and Z || P,.x; || -
Now

Pn,m(xi) = Tn,QO(xi)

TumXis I1=m
(3.3.1) =
0, i>m
{xi, i=m,
0, i>m
Hence

(33.2) S N Pomi | =m.

Now {g;} C { f}, and P, ,, f; = 7, ,On f;; and by (2.10), Q,, f; is either zero or f;
for some j €[0, ma,,]. Thus

SUp || Pomgi | = max || zumfjll-
Now (2.8) and (2.12) give for all j E[0, ma,],

—Am—r€_1q,> JE[0> cm—r]+ram’ m-—n §r§m;
Tom( ) =

Jjor zero, otherwise.

Hence,

max || T, f; | émaX(l, SUp A, | €, lI)
J JEI0, &) + ram
m—-ns=r=m

=1lv <a,, max | ¢ |
i€[0,&]

=a,Myn,c,) by (2.9.3).
Hence
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(3.33) SUp || Pom&i || = anMs(n, ,),
and given (3.3.2) we have
| Pom || <max(m,a,Mn,c,)) <max(m,a,,,) foralln pd.
Since Q,, acts as the identity on the domain of 7, ,,, we have
I tam ll = | Tam o Qmll = | Pam |l -

We now use (1.1) to examine the operator Q,P, .. Let us consider first the sum
2:i " QnPn,mxi " . By (3.3.1),

ani, lém
QnPn,mxi= ]

0, i>m

{xi, i=n,

0, i>n.

Thus Z; || Q,Pamx; ]| = n. By (3.3.3), we have

suP " QnPn,mgi " = " Qn " <y 'MJ(n, C,,) = na,.Mz(n, C,,)

by Lemma 3.1. Hence, by (1.1),
" QnPn,m " é max(n, nanMS(na Cn))
=a,., pd.

This concludes the proof of Lemma 3.3.

§4. Continuity of T

LEMMA 4. Let n>0 be given. The following is truepd. |T| =1+ n;
indeed, | T |,nr | <1+ nwhile T |y 5 has nuclear norm at most .

Proor. By (1.1) it is sufficient to show that sup; || Tg; || =1 + n while
Zi | Tx; || £n,since Z || Tx; || is obviously an upper bound not only for the
norm of T |, but also for the nuclear norm. The second statement is easy to
prove. By (1.5), (2.8),

X = for= 20 -a/m/a €415
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Tx; = 20-eVa . g = 20-aWa . (f 4 a7!, 1),

(4.0.1) | Tx: | = (1 + a7y 20-a2W/a,
hence
(4.0.2) ZITx | <n pd.

The first statement, that sup; || 7g; | =1 + 7, is equivalent to showing that
sup; || Tf; | =1+ 7, and this we prove by considering different values of i case
by case. We use (2.8) freely to obtain the following.

Case 0. 1If i =0 then f; = e, Tf; = e, = 20-DVa. f;

| Th| =29-*a<1 pd.

Note that, to identify f; = 2@2~%/a,. ¢, by (2.8.2) we assume that 1 €(0, a,),
i.e. g, > 1. Such minor assumptions concerning the “rapid increase” of d will
be made throughout this section: specifically, we shall assume that d increases
so rapidly that all the intervals used in Definition 2.8 to split up the cases are
nonempty.

Case 1. If i€l0,&,_,1+ra, (O<r=n)and i<¢,_, +ra, then Tf, =
fioi=¢, _, +ra,then

Tﬂ = an—r(£’l+{,._,+ran - eH—C,._,) = an—r(£lﬁ+¢.-,+m, - azfi +€._,),

where
(4.1.1) &= &), r) =20+t DNy
and

QUG —a/ifa,  p gy
(4.1.2) a=alnn= {2(l+u.—b./2vJ17., r=n.

P.d., we have ¢, ve, <(2a,_,) ' forall 0 <r = n, hence || Tf; || = 1. Thus
| Tf; || =1 for all i covered by Case 1.

Case 2. If ie((r—la,+¢&,_,,ra,) with 1<r=n (respectively,
i€(¢,_y,a,), nEN), and if i # ra, — 1 (respectively, i # a, — 1), then Tf, =
2Wa. f T | =2'Wa If i =ra, — 1 (1 =r < n) then

Tf, = 20 ~a,/2)/a, e, = 2 ~a,2)/a, {f+at

r ra,)

hence



10 C. J. READ Isr. J. Math.

| T | <2-20-42Va <1 pd.

Thus,
|76 )| S2Wa<2Wa<l+q pd.,

for all i covered by Case 2.

Case 3. (a) If i€[r(a, + b,), na, +rb,) for some r, n, 1 =r =n, then
Tﬁ = f;+l'

(b) If i = na, + rb, then Tf, = €, f; . — b,&, fi+1—s,, Where

&y, r<n,
&= 2(nan+l—b"/2)/\/b_n, £ =
2(l+v"—c"/2)/\/c_“’ r=n.

So || If; || <1 for all such i, p.d.

Case 4. (a)Ifi€(na, + (r — )b,,r(a, + b,)— 1) forsomer,n,0<r<n,
then Tf, =2Wh . £, | Tf; || =2V% <1+ pforall npd.

(b) If i =r(a, + b,)— 1 then

1

r—1
Tf; = 2 -—(ran+b./2—l)/\/b_. ¢ <brr| (.f(‘) + 'f;a,,) + 2 b:l f;a,+(r—j)b,,)
j=0

n—r

hence || Tf; | <1 for all such i p.d.

Case 5. (a) If for some p EA, we have i €[ p(c,), p(c,) +v,) then Tf, =
Jisre
(b) If i = p(c,) + v., pPEA,, then

VH
Tf; = 21_“’1 “Cn <e1+p(c,)+v,, + 2 akel+p(c,,)+v,—c,‘+k)
k=0
where g, (1) = £ a,t¥and d is the degree of p. Since | p,,, | =< 1, we know that
45.1) |77 = C,,( Il €+ pecatn | + ()Tka}v I €1+ pica-cd+var |l ) .

Now (2.8) gives, for all p€EA, U {0},

2(‘+{n_an+l/2)/\/ an+l, p = ﬁ"
I erspensv | =

2040, =(HE)= PNV <

(4.5.2) <2-V% pd.. by(2.5.2).
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Similarly, g(t) = p(t) — t* €A, U {0} so (2.8.6) defines f; for each
r€(g(c,) + va, 47(ca)) D (1 + glcn) + v, 1 + q(c,) + 2v,,)
(since ¢*(c,) — q(c,) = c, p.d.). Hence, foreach 0 < k <v,.

= —gt(cV2+1+v +k)cJ@-12
I €1t men-ciinrr || =200 EN2+ 14y, +hlg

(4.5.3) <2V pd.
So by (4.5.1), (4.5.2), (4.5.3),
(4.5.4) | Th ) S 2¢,-2" V<]

forall n, pd.
Case 6. (@) Ifi€(plc,) +va p™(c,) — 1), pEA, U {0}, with p < j, then
by (2.8.6), Tf; = 2"~ . £, hence

N6 | =2Wa<1l+n foralln, pd.
(b) If i = p*(c,) — 1 for some p* €EA,, then by (2.8.6), (2.5.2),

__nq —p* /e He)-112
Tfi = 2 +(p(c)—p*(cV2e, €% (>

(4.6.1) I TN =209 fgeep | (T =J(p))

since p*(c,) — p(c,) = ¢,
We need to estimate what is max, || e,., || , so let us generalise slightly by
writing

(46.2) L,=max{| ¢|:jEp(c,)+[0,v,], PEA, U{0}, |p|=T}.

(2.9.3) implies that L, =< My(n,b,). If d =deg p, |p| =r >0, then for all
JEp(c,) + [0, v,], (2.8.5) gives

g =027 i+ Pay(Te; .z,
lelh Sca’ 277"+ |l Pan(DIej—ct || -
Since | ps,, | =1 and deg p,,, = v,, we know that
Pan(T)e;— s EA{ey, kE[D, 2v,] + q(cn)}

where A denotes the absolutely convex hull and g(¢) = p(t) — %, |q| =r — 1.
Thus for all j € p(c,) + [0, v,]

Nell =ci'-2""'+max(L,_,, max{ | & || : kEq(c,) + Vs, 2v,]}).
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In view of (4.5.3), the last “max” on the right-hand side is less than 1 p.d.;
hence
L =c¢c7'-2"'+max(L,_,, 1)

since Ly < My(n, b,) this gives

LI§M2(n’ bn) + cn_l i 23_1

s=1

<M, b,)-c;'-2"
(4.6.3) < Myn, b,)-ci! - 2HM0¥)  forr=|p| < |plo(l + deg p)
< My(n, b,)(2c,)?* M)
since /, =[2log; ¢, ]. By (4.6.1), (4.6.2), (4.6.3)
I T | <2-2-3% My(n, b,)-(2c,)*+ 2400
<1 foralln pd.

These 7 cases exhaust all the possibilities, and we find that, pd., | Tf || =
1 + n for all i. This concludes the proof of Lemma 4.
§5. Behaviour of certain powers of T

LEMMA 5. Let n> 0 be given. The following are true p.d.
ForallnEN, 1=k =M(v,),

(5.0.1) N T o(I—R| =1 +n.

Moreover,

(5.62) Y T+ =RAx; | <layq.
i=1

PrOOF oF LEMMA 5. We shall show that, p.d., for all such n, k we have

2T (I —R)x; || <Va,y,
i=1

and
sup || T o(I —R)g || =1+n.

This, with (1.1), completes the proof. As with Lemma 4, the proof of the first
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statement is fairly trivial. Assume that d increases sufficiently rapidly that
IT) =2
By (2.11), RY(x;) = x; (i £n) or 0 (i > n). Thus, since || T | =2,

x " Tc,,ko(I_R’(l))xi " <261 2 “ Tx, “ <261 2 4.2—\/,7,/2
=1

imn+1 i=n+1

H

by (4.0.1),
< QM+, i 2 -an

jmp+1
where M = M(v,) =k,

é 1lan+l

forallnE€N, pd.
Next we show that for all i,

I 7% (I —R)g || 1+,
equivalently,
I T eI —RDS) =1+7

for all i, n. As with Lemma 4, we consider several cases.

Case 0. 0=j=¢, Then(/—RJ)fj=0so0 | Tcn‘o(I—R,‘,’)fj | =0.

Case 1. For some m>n, 1 =r=m, j€[0,¢&,_,]+ ra,,. Then we con-
sider two sub-cases: m —n<randm—nz=r.

If m—n<r then by (2.11), RN f)=—a,_,_,,. By 2.11, then,
(I—R)f;=an_,¢, and T o(I —RY) fi=a,,_,e..r. Since m —r <n we
will have

jtckzra, +ck>ra,+¢&,., pd.,

so for some 0 =< a <ck, we have

leiscr | = | T(erapstn_+) | =2%-&
where, as in (4.1.2),
20+ ey oy

81=8x(m,r)={

2(l+”u_bml2)/‘/—b:’ r=m.

Atany rate, g <2 Ve forall ISr=m pd., so
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" Tt"ko(I_R'(l))f’j " éam_r.zc"k.z—\/a_mM

with k = M(v,);
<1

for all m > n p.d. If m —n = r then by (2.11), R}(f) =0, so
Tc"k ° (I - Rr?)f; = Tc"’ifj: = am—r(ej+c,." - ej—ra,,.+c,.")-

If j+ck<ra,+¢,_,, then the right-hand side is just f, . if j+ck>
ra,, + &,_, then for some 0 < a < c¥, the right-hand side is

Oy T (lrap it 41— €)= am-rTa(slf;a,..+€m_,+l — &€, _,+1)
where, by (4.1.1), (4.1.2),
&= 2+, man DNy D TV fd pd’

g = 20+ —an/Va, <2 ~Va/t pd. (since r <m).
So

I T4 | S Gy 2560+ €0 S @, - 2@ Vomrel 4 272

(M =M(v,))
<1 pd.
for all m, r such that m — r = n. So for all j covered by Case 1, we find that
| T« (I =R || =1.
Case 2. If for some m > n we have jE(ra,, + &, _,, (r + a,,) (respecti-

vely, jE(&,_1, a,)) for some 1 =r <m, then R) =0 by (2.11), and by
(2.8.2), f; = 2%~ a, .o where h = (r + })a,, (respectively, h = }a,,), so

(5.2.1) Te* o(I — RY) f, = Tof, = 2~an. o o,

If i+ck<(r+Da, (respectively, i+ c* <a,) then this is equal to
244, . .+, and we deduce that

[T —R)Sf || =2am<1+4n (llm>n,k=M(®,)) pd.

If i +ck=(r + l)a, (respectively, i +c¥ = a,) then, for some 0 =a<cf,
(5.2.1)is equal to 2t~ /a, . T°e, 4 1), - It is immediate from (2.8.1), (2.8.0) that
|l € +1a. | =2, and then we have

| T o —RO) f || S2%-Wau. | T |"-2
< 26-aVE, 260 (M = M(v,))
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since h = (r + })a,, (respectively ja,,) and i + ¢ = (r + 1)a,, (respectively a,,),
and o = ¢k < cM®. Then writing M = M(v,),

| 7% oI — RO fi || <2'*<1+Va).2-Va2<| forallm>n pd.

Case 3. If for some m >n we have i€[r(a, + b,), ma,, +rb,] then
RS fi =0by (2.11), so we consider the norm of the vector

ke —
T"ﬁ— i+ck bmei+c,."—b,.-

If i + cf < ma,, + rb,, then, by (2.8.3), the right-hand side is f, ., which
is of course of norm 1. If i + ¢¥ > ma,, + rb,, then for some o, 0 < a <ck,
we have

Tc"lff; = Ta(ema,.,+rb,,.+l - bmema,,.+(r—l)b,,,+l)
= Tu(£lfma,..+rb,..+l - bm82fma,,.+(r—l)b,,+l)
where

2(1+vm-cm/2)/‘/.;’ r=m,
&= 2(mam+l—bm/2)/\/12 and & ={
&y, r<m.
Atanyrate g, ve, <2 Vo pd., so
NN S T 1+ byy)- 2704
S 290 + by) 27 V04 (M =M(v,))
<1

forallm>npd.
Case 4. If for some m >n, 0 < r <m we have

i€(ma,, +rb,, (r + 1Xa, +b,))
then R} f; = 0, so again we consider || 7%, || ; now by (2.8.4),
Toif;= TQ*Wo.g)  (h=(r +}b,)

5.4.1) - 2(h—i)/\/b—m.ei+ck,

If i + c* <(r + 1)(a,, + b,,) then this is equal to 2‘~"’~/‘ij +c» @ vector of norm
24 < | + pforalln <mpd.Ifi +ck 2 (r + 1)a,, + b,,) then for some «,
0=a<ck (5.4.1)is equal to 2"""”\/’7-T“e(,+,xam+,,m, )
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I 7o | < 2@t | gy e vn

= 2@ -iV/B +a)

r
( Y b, f(r+ l)a..+(r+l‘j)b,..)

j=0

1
+ (f0 + ——f<,+,,,,,.>

am—r—l

< 2W=iVB +a)(py 4 D)pm

< 20eH=b B MYy Q)b

(M=M®,))(sinceh =+ Yb,andi +ck =+ 1)b,,)
< 2-VoYm 4 2)bm - 2% < 1

foralln<mpd.

Case 5. If for some m > n, pE€A,,, we have i €[ p(c,,), p(¢c,) + V] then
RYf; =0, and if i + c* < p(c,,) + v, then TS is simply f;, .+. If, on the other
hand, i + ¢* > p(c,,) + V., then for some «, 0 < a < c¥,

Tc:ﬁ = Te. Tfp(t..)+v,-
By (4.5.4),
| Thocmtvn | =2 .2~V
sO

| T, S 2440, 2750 (M = M(3,)
<1

for every m >npd.
Case 6. If for some m>n, p€A, U {0} such that p < p, we have
I €(p(Cn) + Vs = PF(Cn)), then R? f; =0 by (2.11), and by (2.8.6),

Tc_’ff‘j = Z(h_iyc"'lm_m-e,-ﬂk
where h = (p(c,,) + p*(c.))/2. Therefore, if i + ¢ < p*(c,,), we have
Tdf, = 29068

which, as in cases 2 and 4, is a vector of norm less than 1+ n pd. If
i +ck = p*(c,) then for some a, 0 = a < c¥, we have

k —F -
Tc,| f; —_ Ta(z(h iYeJw-1z ef(c')),
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I T I = 20002 oy |
= (20, MWD My(m, b,,)- 20—V
by (4.6.3). Now i +¢; Z p*(cm), h = (p*(cm) + P(cw))/2 and by (2.5.2),

pY(Cn) — P(Cm) Z IcP;
hence,

I T | = Qem) 2MODMy(m, b,,) - 27+ = 3e iy -
< (26,) HMOIMy(m, b,,) - 2754 27WB (M = M(v,))
<1

foralm>npd.

We conclude that || T% o(/ — R fi || S '+ nforalln= 1, k = M(v,) and
iz0, hence ||T% (I —RY))g | £1+n; and this concludes the proof of
Lemma 5.

§6. Concerning the operators 7,,, ° Q%

DEFINITION 6.1. Given n, m EN, n <m, and the underlying sequence d,
let K, ,, CF, betheset (x€F, :[|x|| Sam, | tam®)|| = lV/an}. K, nis a
compact subset of F,_ depending on the underlying space X, and the elements
(@), (b)Y (¢! of the sequence d.

DEFINITION 6.2. Given mEN, let
A ={&IN{/i:0=i = un} C{g}
We now aim for the following lemma.

LEMMA 6. P.d. the following is true.
For all x€X with | x| =1, for all NEN and for all n >0, there are
m, n €N with m > n > N such that

(6.3) On(X)EK, ,,
and
6.4 | 78, () | <.

ProOF. First we note that the A;’s are nested and their intersection is
empty, so for any x € X we may choose an m, such that for all m = m,,

I Za, ) || <.
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Given arbitrary x EX with || x | = 1, let us do exactly thai, and then seek

integers m, n with m >n > N, m = m,, such that (6.3) is satisfied. Without
loss of generality N = mj, so it is sufficient to satisfy (6.3) with n > N,

Since || x || = | weknowthat || Q% x || = a,, forall mby (3.2). The problem
is to find an m > n > N such that

I Tom o Qn(X) | Z Vay,.
Writing x =y + w (y €/, wE W) we note that by (3.1.1),

0.00= 1)+ I xpw)x.

Now max; || @, f; || = 1 since @, f is either zero or some f; hence, || @, |, | =

1. But F N/, is dense in /,, and for all y,€F, Q,(3,) = , for all but finitely
many n. Hence, Q,(y) — . It follows that

liminf | @,(x)|| = ||y || +liminf

5 XX (w)x;

Z |y Il +sup |x¥w)l

=[x i, say
> 0.

Let us choose an n > N so large that

I ux || Z il x Il = 2/a,.

We know that || @,P,« | =4, forallk >n,yetforallz€F, Q,P,;z = Q,z
for all but finitely many k, hence

k-0
QnPn,kx - Qn-x-
Choose k so large that || Q,P,.x | Z 1/a,. Then
1 1
"Pn.kxllg Z—.
a,: " Ol na,

Now if || 7,4 e Q2x | > 1/2na, > 1/a; p.d., then our assertion is proved. If
not, then since

| Pagx || = I Tax o Qux || = Vna,
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we have
(6.4) | Tui 2 (Q8 — Qo)x || > 1/2na,.

From (2.8.1) and Definitions 2.10, 2.11 we obtain for all j = 0,

(@ — QS

{a,,,_,e,_,,,m+(,_,,,+k)ak, JEI0, ¢, 1 +ra,, O<m-—-k<r=m

0, otherwise.

Hence

Tok o (Q — QR ]
{am—rej—ra,.,+(r—m+k)ak> je[oa ém—r] + ra,, O<m-—-k<r<m-—n

0, otherwise.

It follows that

Tog °(Qk — Q)= Tog ©(Qk — Q) e,

where

m>k

S= {ﬁ:je U (0¢-1+ ram)} C{&h

r€(m—k,m—n)

)
S=U S, whereS,= U (0,¢&,_,]+ra,).

m>k re€m—k,m-—n)

So if, as in (6.4),

I Tas(Qc — QDX | = || Tas(Qx — Qx| > 1/2na,
then

x| > Qna, | e I CN Gl + HGRIN!
= (2na, max(k, a, ;) -(k + a;))~!
(by Lemmas 3.1, 3.2, 3.3). This implies that for some m >k,
| 7, x || > 2% ™(2na, max(k, a,,,)-(k +a,)) "

However, it is not hard to check from the definition that if jES,, then
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7, Q% f; = f;. Moreover, for all j, Q5 f; is either £ or an element in F__.
Hence, if j € S,,, then 7, ©(7,,, Q% f;) = 0. It follows that
s, =75, ° Tam © Q.
Therefore, if
| 7s.x || = 2*~"(2na, max(k, a, ) (k + &))"
then, since || 75, | = 1, we have
| T © Q% | Z 267"(2na, max(k, @, (k + a;)) ™!
= l/a,,

for all n<k<m, pd. So there is indeed an m>n >N such that
| Twm°Q%x | = V/a,. This concludes the proof of Lemma 6.

§7. Further properties of the compact set X, ,,

For the rest of this paper we assume that the operators T, Q,, Q?, etc. have
been extended continuously from F to X.

DerFINITION 7.1. For each m €N let T, denote the ‘truncated’ right shift
operator on F,_; T,, is the unique linear map

ei+l9 0§.l</lm,
T,:F, —F, e~

0, i=u,.

LEMMA 7.2. There is a function N, : N*>—N with the following property.
Pd., for all n < m and x €K, ,, there is a polynomial p with

(7.2.1) pl = Ni(m,an),
(7.2.2) deg p < ma,, 1| p(t),
and

1 1
(7.2.3) | p(Tw)x —e&ll =— +

am Qn-)

Proor. Given x €K, ,, write x = ¥z, 4;¢;, where 4, # 0. Then
Win{ThX: 8y S7 Sy} =lin{€, 0., Catantis--+ s}

In particular, since T, ,(x) # 0, we have a <(m — n)a,, so certainly
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€um-n+1a, EIIN{Trx:a, Er = u,}.

Since K, ,, is compact, there are a finite number of polynomials p,, p,, ..., ps,

)= 3 it

{=Gm
such that for all x €K, ,, there is a j for which
| AT )X = em—n+tran | <1/ap.
Write N = max;| p;|; and note that we can write N = Ny(m, a,,) for a suitable
function N,:N?—N (since things depend only on the choices of n, m,
al, ey a,,,, bls e ey bm—b Cl, ceey Cm—l)' Since " e(,,,_,,H)a_ - eo " a;_ll, we
have the result.
§8. More about the operators T

In this section we aim for the following lemma.

LEMMA 8. P.d. the following is true.
ForallnEN, | =k = M(>v,),

| T omy || <6,
where H = { f;: i €(v,, &,1}.

DEeFINITION 8.1. Foreachn€N,rEZ* with0=<r =< h,-M(v,), let

M)
L = max{ €itpic) ™ .H, (930 (T))%e; || -
j=
(8.1.1) g
PEA, U{0}, [pl=r,p(t)= ¥ ot,i€[O, v"]}
j=0
and let
i M@,)
Lﬁn) =max{ €i+ped — H (pj,v.(T))"!e,- :
i=1

M@,
PEA, U{0}, |pl=r,p(t)= X o;t),i €], 2v,.]}-

j=1
LEmMA 8.2. Pd., L =max(L™,¢; ') forall n€EN, 0 <r < h,M(v,).

PROOF. Let i€(v,, 2v,], and let | p| =r, pEA, U {0}. By (4.5.2), for all
q€A, U {0} we have
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| = 2—\/1:/3;

| €1+ aca+w

in particular, using the fact that || T || =2 pd.,
(8.2.1) lespeyll S20-7VaB<1/2¢, pd.,

and writing p(7) = 2§ o, ¥/,

(where p(t) = ITY( p;, (T))%)

M@)

l:I (9 (T))%e;

=290 e

< 2degp+i—v"—cu/3.

But
deg p= (Z a,-)-(max deg pj,vn) =v, (Z a,-)= valp|

J J

=1V, = hyyM(v,).

M(v,)

11 (5,1,

So
< 2hwMOY+i= v~ /e, 13

< (2c2)"MOD . 2% . D Va3

(since h, =[2log, ¢, |and i < 2v,)

(8.2.2)

iA

L pd
2¢, p-d-
Using (8.2.1), (8.2.2) and the triangle inequality we have, for i €(v,, 2v,],

M(v,)

€itpen) ™ 'Ho (B;y,(T))%e;
jm

=l/c,,

which implies that L™ =< max(l/c,, L"), by Definition 8.1.

LEMMA 8.3. P.d. the following is true. For all n, r, such that 0=<r <
h,M(v,), we have L™ < (2" — 1)/c,.

PrOOF. It is obvious that L{’ = L{” = 0. For r >0 we get an induction
argument as follows. Let pEA,, | p| = rand let d = deg p. By (2.8.5), for all
i€[0, v,] we have
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ipl—1

(8.3.1) €itpiey = pd,v,.(T)ei+p(c,.)—c,' + _c— fi+p(c.)-

n

Write g(t) = p(t) — t* €A, U {0} (with |g| =r — 1), and let

Pa, )=2ht, Xkl =|psy| =1
0 J
Then
(8.3.2) Pan (Tl s piey-ct = ‘Eo A€y gtca+i

1-

By definition of L™, for all 0 =i +j =< 2v, we have

M(v,)

(8.3.3) €ivge+i — kH (i, (T)) €4
=1

=L",.

Substituting (8.3.3) in (8.3.2) and using the triangle inequality we have
‘ v M(v)

pd,v,,(T)ei+p(c,,)-c: - 20 Aj kH (pk,v,.(T))atei+j
j= -1
Writing p(¢) = Z, axt* (a, = a (k # d), a, + 1 (k = d)), this is
M)

Pan(T)e s pea-et = I1 (Pro (T
-1

SLO Y |4 SLO,.

=Lw

== y—

(8.3.4) }

Substituting (8.3.4) in (8.3.1) and using the fact that every f; has norm 1, we

have
M(vn)

€i+plen kHl (pk,v,.(T))&*ei

r—1
=L, + ,

n

hence
_ 2r—1
LW =L" + ,
Cn

soif LM, < (2"' — 1)/c, then

=) =
2" —1
Cn

LW et 20 =)=

therefore, by Lemma 8.2,

_2¥-1

_ 1
L < max (L}"), —
c’l

Cn
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So by induction on r,

2 -
Cn

L=

forall0=r =hM(®,).

We need two more preliminary lemmas before giving the proof of Lemma 8.

LEMMA 8.4. P.d. the following is true. For every pEA, U {0} and every
g()=p(t) + t* (1 = k = M(v,)) such that q € A,,, we have

Newet | £2-27V57
Jor all i €[ p(c,), p(c,) + 2¢X].

PrOOF. Ifg(t)=t* + p(t)¢A,, this means (Definition 2.3) that p(¢) has a
coefficient of A, in t*. Write

e I | M)
(8.4.1) pit)y=3 ajti = % ati + 2 hoti+ Y ajt)
j=1 j=1 j=k J=k+1

where k) = k, and if k; <M(©v,), ) 11, <h,.
Case 1. k,<M(v,). Then

i+ckz p(c)+c,,>p(c,,)+2h ' +v, pd.

j=1
(since h, =[2log, ¢, )
M) ‘
(8.4.2) z hy + ¥ aich +v,=qdc,) + v,
j=1 +k

On the other hand,

kl
i+ck=pc)+3ck<plc)+ci*t" -3 b pd.

j=1
(8.4.3) wo)
Sath+ ¥ aci=gqfc) say.
=14k

Now the polynomials ¢, and g, are both in A,, and moreover ¢, =g,
J(go)=1+k,. So i+ cke(gfc,) + v, a1(c,)) and by (2.8.6),

ei +c." = 8ﬁ+c,."
where

(84.4) &= [le || =20+ME b =(gc,) + aolca))-
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Now
i+ck—h=pc,)+3ck—nh

kl
= ¥ (o = tha)ch + 3¢k — depth
j=1

= -lath+a*h pd.

By (8.4.4) then,
£=<2.2-Van,

Case 2. k,= M(,). Then, pd., i +ck > &, hence
leives | =l Toerse, |l
(with 0 < « < 3cf since p(c,) = &)
=25 ey | (M=M®©))
= 23M++4-@ Ve (by(2.8.2))
<274 pd.

LEMMA 8.5. (a) Forallp€A, U {0}, p < p,, we have
Jp)-1
(8.5.1) prc)—ple)=c® — ¥ hdl,
Jj=1

(b) P.d. the following is true. For all i, 0 =i < 2&, we have
he | =2vm

Proor. (a)If p < p, write

k M)
p()= 3 ht"+ I aut™ withk<M(@y,) and a,,,<h,.
mm=1 m=1+k
Then
M(v)
pr)=1""*+ T amt"
mel+k

and J(p) =1+ k, so (8.5.1) holds.
(b)If 0sSis<v, then |[e]| =Myn,b,)<2¥? pd. If
[ p(c,), p(c,) + v,] for some p € A, then by (4.6.3)

le |l <Myn,b,)-(Q2c,)tMW<2va2  pd.

25

i€
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If i €(p(c,) + va, p*(c,)) for some p EA, U {0}, then by (2.8.6)
e ll =292 (h=(p(c,) + p*(ca))/2)

< 2(PHe)=1=(ple)+ PP V2] n

< 26T by part (a)

<2val,
If & <i <2, then, by (2.8.2),

le || =26-aVan<l  pd.
Thus Lemma 8.5 is proved.
ProoF oF LEMMA 8. Let H = { f;: v, <i =¢,}. Our assertion is that

(8.5) | T omy || <6 (MEN,1=Zk=M®W,)).

Ty is a norm 1 projection, and Im ny = I*! with basis { f:v, <i =¢&,}, so
(8.5) is equivalent to
(8.6) max || T%f || <6.

iE(va,&a)
1 ZksM(v)

This inequality we prove case by case for different values of i.
Case 1. For some pEA, we have i €[ p(c,), p(c,) + v,]. Let us say that
|p| =r.By(2.8.5), writing d = deg p we have

(8.7.1) fi=2"""c,(e; — Pan,(T)e;_c2)
and so
(872) Tc":f; = 2l_rcn(ei+c,,* - pd.v,(T)ei—c.‘+c.")'

Write p(t) = ZM4 a,t/.
Case la. p(t)+t*€A,. Then by Definition 8.1, writing &; = a; (j # k),

a; + 1 (j = k) we have

M)

(8.7.3) €ivct — HI (D (T)) %€ - ey
i

=LY7,.

Moreover, writing aj=&,;(j #d), « —1 (j=d), we also have for all
0=l/=v,
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M(©v,)

i—circiri— 11 (p-j,v,.(T))&’ei—p(c,)+l =L»,
j=1
hence
M) _
" pd,v,(T)ei—c,,'+£,," - H (pj,v.(T))ajei—p(c,)
j=1
8.7.4)

SLY | pay, | L.
By (8.7.2), (8.7.3), (8.7.4) and the triangle inequality we have
| T4 | =2' e (L + LEy)

-1 21—
+
Cn C,

= 2“’c,,( ) (by Lemma 8.3)

<6.

Case 1b. p(t)+t*&A,. Since v, <c, we may apply Lemma 8.4 and
obtain

(8.7.5) e | <2270
if p(t) — t* + t* & A, then we similarly have
| Pan(Dreictvet | S2:27V52 | py, | S2.27V5
hence, by (8.7.2),
I T £2'7¢,-2-2-2 Ve <46, 27Va2 <1 pd.

If p(t) — 4 + t* €A, this means that d = k and, since p(¢) + t* & A,, we must
have a; = h,, in particular

(8.7.6) rzh,.

By Definition 8.1,
M) )
Pan(T) €iclver — H (pj,v.(T))a’ei—p(C.)
j=1

| Pay, | - L
L,

M)
Pa,(T) <ei = 11 (p;,.(T))%e; - p(c,.))

j=1

(8.7.7)

A

A
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moreover
(8.7.8)

M(v.) .
[T (;,(T)%e: - ey
j=1

=< max e;
05/ Sva+deg p e

(where p = ITM%7 ( p;,,.)%), since 0 =i — p(c,) = v,. Now each deg p;, <v,so
deg p=M®,) v, -max&; = M(,)-v,-(1+h)S ), pd,
since p(t)EA,. So

max el =(mex fen)v( max te)

0S/Svt+degp 0sj v<jSc,ld
(8.7.9) =Myn,b,)v2 ~ /e, (by (2.9.2), (2.8.6))
= MZ(na bn)

Substitute (8.7.9) in (8.7.8), then use (8.7.7) and the triangle inequality, and
we obtain

(8.7.10) I Pan(T)ei_circt | = L™ + My(n, b,).
Using (8.7.5) and (8.7.10) in (8.7.2) we have
I T | <2176 (2-27Y52 + L + My(n, b,)
=2+2'"7.c,(2+ Myn,b,)) byLemma8.3
=2+4+2""h.c,(2 + Myn, b,))
by (8.7.6); however h, =[2 log, ¢, ]so
RHS. <2+ ¢ '(2+ Myn, b,))
=3 pd.

This concludes Case 1, || 7% || being less than 6 in all subcases.
Case 2. For some pE€EA, U {0}, p < p,, we have

PE€(p(c,) + va, P7(CH))
Writing

pt)=Xo;t/, p*(t)=Xo;'t, and J=J(p)=max{j:a;#a},
i j

we know by (2.8.6) that
(8.8.1) Tef; = 20-% g p (B =(p*(c,) + p(c,)V2).
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Note that in view of Lemma 8.5(a), the coefficient of ¢; , . is at most 2Val2 g0
(8.8.2) I T S 2V et || -
Case 2a. J(p)>k.Ifi+cFz p*(c,) theni = p*(c,) — c¥ so, by (8.5.1),
1 J-1 .
i—h ;—(c,{— 3 h,,c,',)-—c,’,‘
2 j=1
hence
(i—hye"z4/e,—1 pd.
Substituting in (8.8.1) we have
I T S20Vol | eg || S2
by Lemma 8.5(b). If i + ¢f < p¥(c,) then (2.8.6) gives simply

Tcuy; = 2“:/“:_“1 '.fl:+t:
SO
T, | =2 <2.

Case 2b. J(p)=k, and p(t)+t*&A,. Then by Lemma 8.5(a), i <
pH(cy) = p(c,) + ckso i €[ p(c,), p(c,) + 2¢f]. By Lemma 8.4,

| €iset || S2-27Va2

soby (8.8.2) | T/ || =2.
Case 2c. J(p)=k,and p(t)+ t*€EA,. If J(p) # k, or if the coefficient of
t*in p*(t) is less than h,, this means that p*(¢) + t* EA, and

pr@)+ 1t =(pt)+ ")+,

hence by (2.8.6), T%f; = f;, .+, a vector of norm 1.
If J(p)=k and the coefficient of t* in p*(¢) is h,, then writing g(¢) =
t* + p(t), we either have ¢ = p, or J(q) = k + 1. Moreover, p.d. we have

i+ i €(q(ca) + va, PH(ca) + €§) C(a(ca) + Vs () + 2¢8)
by Lemma 8.5(a). If ¢ = j, then p.d. (2.8.2) gives
I €iser || =20~ aeWag < 20t 2} =0, o,
hence by (8.8.2)
| T5f || < 2@*%8-auwdVen.2val<]  pd.
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If ¢ < p, then, by (2.8.6),
" €yt " = Qli—hycjw-1 (h _ (q(c") + q+(cn))/2)
< 2(@(e)V2+ 2k ~(@* € V2Ve, J(@) - 112
<222 pd.

since k <J(q). (8.8.2) then gives || T%f | <4.
In all cases we conclude that || 7%f; || < 6. Thus Lemma 8 is proved.

We conclude §8 with one further remark.

LEMMA 8.9. Let mEN, andlet H={f:v, <i =¢&,)} (as in Lemma 8).
Then ny =y, o RY,.

PROOF. If j€E(V,, &,] then, by (2.11), RS, f; = fiso
anj=ﬂHR,9,ﬁ=ﬁ.
For j & (v, &), (2.11) gives either R), f; = f;, or R, f; =0, or else

Rglﬁ = - an—rej—ra,,
when j€[0, &, _,] + ra, with 0 <n — m <r = n. In this last case,
R} [ EF;,

because n —r <m and j — ra, €[0, &,_,]. Hence for all j &(v,,, &,], we have
R}, f,€ker my, so

anj=7IHRg,j;=0.

Thus, 7y = my o RY.

§9. The main lemma

In this section we prove a lemma which brings us very close to our main
result, that T is hypercyclic.

LEMMA 9. P.d. the following is true.
Forallm,n€N,2=n<m(9.1),and all xEX, | x || =1(9.2), such that

9.3) O (X)EK, )

and for all polynomials s with degs < n, |s| =n(9.3.1),thereisak, 1 =k =
M(v,) (9.3.2), such that
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(9.4) | To'x — s(Teo || =8 || 7a, (x) | + 20,7

PrOOF. Write

9.4.1) Z=Q,9,(x)=l§zie,.
0

By (7.2) there is a polynomial p with

9.5) |p| =N(m,a,),
(9.6) deg p = Um,
9.7) 1o | p(t)
and
1 1
(9.8) | p(T)z —eff =—+ .
am a, )
Consider
£on
(9.9) q(t) = . p()s(t).
Then
(9.10) lq| é;l--Nl(m,a,,,)m <b;"? pd,
and
9.11) degq <b, +ma,+n<v, pd.

By the definition of I1,, (2.1), there is a k, 1 = k = M(v,,) such that
(912) ‘pk,v,,_q‘ =47

This is the k which will fit in (9.4). Now, let H = { f;: i €(v,, &,]} as in §8.
Since by Lemma 8.9, n,; = m, o R, we have

Tetx = T — RO )x + T*myx + T4(I — 1) RS x
=T (I — RY)x + Termyx + T (Q5 X + (M5 — my)X)

since Q% = (I — ng)RY, by Definition 2.11, where S = { f;: i €(un, &)} (and
mg = Mg o RY, by the argument of Lemma 8.9).

= T%(I — R%)x + Tonmyx + T (z + (m5 — my)X).

Hence,
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Toox —s(T)eg=T*(I — RY)x + Tormyx + (T — Py, (T)Nz + (s — my)x)
+ (Piya(T) — @)z + (75 — my)x)
+ q(TXxrs — 7y)x + (g(T) — p(T)s(T))z
+ (s(T) p(T) = s(T) p(T,u))z + ((T) p(T},)z — s(T)ey).
Therefore
I Tox = s(Me || = | T*UT —R)x || + || Tmyx |
+ (T = Py (TINz + (75 — 7)) |
+ 1 (Pepa(T) — g(DNz + (75 — 7y)x) ||
(9.13) + | g(T)(rs — mu)x |
+ || @(T) — p(T)s(D))z ||
+ 1 6T p(T) — s(T) p(T))z |
+ | s(D) p(T)z —s(Tey || -

Let us estimate the 8 terms on the right-hand side. By (9.8),

1 1
ISPz = sDeoll = IO (- +=)

m n—1

1 1
= s -2“"’(— + > (since | T| =2pd.)

Am an -

1 1
én-2"(—+ )
am an—l

(9.14)

<a; ' forallnz2 pd.
Now similarly
9-15) | p(N)s(T)z —s(D)p(T)z || =n-2"- | (2(T)— p(Tu))z || -
For each rEN,
r-T,=T"\T-T,)+TXT-T,)T,
+T " T-T, )42+ ---+(T—-T,)T"",

hence
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(T =Tr)z || = 2’-0n}ax I(T-T,)Thz|,
St Stm

so by (9.6)

| (p(T) = p(T, )z | S 2% max |(T =TTz || -1 P

It is easily checked that for s = u,,,
(T —T,)T5%z =2z, €1 44,»
a vector of norm at most
|21+ 276a2= 11V < g, M (1, @)+ 2~ On27 1= HINB
by (2.8.4) and the definition of X, ,, and M,(m, a,,); hence,
1 (P(T) = P(T: || =2 -a,Mi(m, a)- 20271 ~4be . Ni(m, a),
so substituting in (9.15) we have
I s(T) p(T)z — s(T) p(T,)= |
(9.16) <n2mtn.q M(m,a,) Nim, a,)-2 =2 1-40/bn

1
<— pd.

m

Now

.

1 @(T) = p(D)s(THz || = H p(TS(T) (2—" _ 1) ;

m

If a,, =i = ma,, then

Ttm 1
( - >ei=b—m'f;+b,,.

by (2.8.3); hence

1

bm
9.17) H p(T)s(T) (I—- - I) (2 E)—

b

=

| p(T)s(T) | .

If, on the other hand, 0 =i =< a,, then, since m = 3 (9.1), and since #°» | p(T)
(9.7), we have
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Tbll § O
p(D)s(T) (77 - 1) e = pT)s(T) 6— - 1) ira

m m

(where py(t) = t ~%p(T)) and, as before, we find that a,, =i + a,, = ,, 50

bﬂ
|5 ~7)e] -

1
by,
Combining (9.17) and (9.18) we find that for all zEF, ,

1

2
m

(9.18)

=

| p(T)s(T) || .

” p()s(T) (Z_: - 1) €

H p(T)s(T) (2‘_’7.. - I> z

m

1
=1zl -max(| DD L oD

m

If z is our usual Q2 (x) then
‘Z| = Ml(ms am)' “ z “ = am 'Ml(m’ am)9

and hence | T || =2 p.d., the right-hand side is at most

1 1
—-a,M\(m,a,)|p|-|s|-29%2*9% = —.q,M\(m, a,)-2" " -N(m, a,)-n

b, b,
1
= \/—b—‘ pd.;
thus
1
(9.19) Il @(T)— p(N)s(T))z || = ﬁ

Consider now the term g(T)Xns — my)x on the right of (9.13). This vector is in
lin{ f;: p, <i =v,}. We prove a further lemma concerning the action of T on
such vectors.

LEMMA 9.20. P.d., the following is true. For all m EN,
I Tt ||in(ﬁ:u..<i$v..) I =2

PROOF. By Definition 1.5, { f;: p, <i =v,} C {g;} so these f; are the unit
vector basis of a copy of /I’ in (F, || - || ) (where N =v,, — pu,). Hence, our
statement is equivalent to

(9.20.1) [T+ | <2 (o <i S V).
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This statement we check case by case.
Case 1. Ifforsomer, 1 =r =m, we have

i€[r(a, + by), ma, +rb,).
Then, by (2.8.3), f, =€, — bne;_,,.

Case la. Ifr<mandi =(m — l)a,, + rb,, then (2.8.3) also gives

ﬁ+a,+b,.. =€t o tbe bmei+a,..
hence

Ta"'+b"'ﬁ =f;+a.+b,, " Ta"'+b"‘ﬁ “ =1

Case 1b. Ifr<m,i>(m — la, +rb,, writing j = ma,, + (r + 1)b,, we
have
fi=¢—bne_,  (by(2.8.3)

so since j <i +a,, + b, =j + a,, for some «a€(0, a,,] we have

Ta_+b.:f‘j = Tafjj’
50
[ Tetefi | 2% TS

As in Case 3b of the proof of Lemma 4, we note that Definition 2.8 gives
Tf; = alj;+l - bm£2'.f}+l—b,.

for every j of the form ma,, + rb,, (1 = r = m), where

&, r< m,
&= 2(ma,+1—bm/2bi‘,‘,’ g =
2(|+v,,—c_/2)/\/c__, r=m.

Hence
176 <1/b2  pd.
and
| Ton+ouf; | <297 YB2 <1/b, p.d.

Case Ic. Ifr=m,theni=v, and
Tt nf; = €yt antbw — DmCrptan-
Pd. v, +a, +b, <c,so (2.8.6) gives
I e sa, || =2 @22V <1/c, pd.,

I € vasn, | =2 @2 m %t <1/, pd.
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P.d., then,
1+b,
| To*0f, | £ — < 1.
C

Case 2. Ifforsomer, 1 =r =< m, we have
i€(ma,, + (r — 1)b,, r(a, +b,)).
Then by (2.8.4),
fi= 20,
Case 2a. fr<m, then i +a, + b, €(ma,, +rb,,, (r + 1)a, + b,)), so
(2.8.4) conveniently gives
Fivapitn =20 1700 ug oy (W =h+b,)

— Yh—i—a /5
=20 a"')‘/_"'ei+q,,,+b,,.-

Hence
| Tt fi | = 2% frsgyin, || =2V <2 pad.
Case 2b. If r=m, then i +a, + b, €Wy, vV, + a, + b,,), hence since
| T| =2, wehave
I Tof | =20 | €1, |

< 2((h—i)/JIZ,+am+bm) " €14, " .

As will be well known by now, (2.8.6) gives

lersy, | =20+m Ve < 1/c2  pd.,

hence

I T“m+b-ﬁ | < 2(h/\/b—m+am+bm)__12_ <l pd.
Cm  Cm

Cases 1 and 2 cover all i €(u,,, v,,], so Lemma 9.20 is proved.
We apply our lemma in the following way:

| ¢(TXms — mg)x ||

- H % P(T)S(TY(ms — mg)x “
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a,+b,
- H T o T(Ts — m;)x”
1
S = Is LTI -2- 1 (75 = ) |

by Lemma 9.20, since (n; — ny)x €Ln{ fi: p, <i v, };
2 .
= Is(MN I pD since | x || =1, |as—7g] =1

<(2'*dss+dsn 5| .| p|)b, since | T| <2
=(2nN(m, a,)-2"*#=)/b,,

by the various estimates from (9.3.1) to (9.6)
1
p.d.

<
(9.20.2) Vb
since n = m.
Furthermore, since || T || =2,

(P — TNz + (s — 7)x) |

= | Py — G129 0 || 2 4 (7 — 7y)x ||

A

47 2@y + 1)

by (9.2), (9.3), (3.2), (9.11),(2.1), (9.12), and because ng — 7 is a contraction;

9.21) = pd.

1
B
Foreachi,0=i =v,, (2.8.5) gives

(Tc"f = Dy (T)) e, =cCpy lﬁ+c,,,"
hence
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| (T ~ By (TINZ + (s — m)x) | S’ |2+ (s — M)x |
Scn'M m, b)) ||z + (ng — ma)x ||
=c¢, 'Mym,b,)-(a, +1)

(since z €K, ,,, ms — my is a contraction, and z + (ns — ny)x €F, )

9.22) <1 pd
bm
By Lemma 8§,
| T omy || <6,

where

H={fv,<i={}CA,.
Hence

Tromy=Twom,om,,

S0
(9.23) | Toru(x) || <6 ma, () || -

Lastly we estimate || 7% o(I — R%)x || as follows. Write
x=p+y: DMELREW)

and in view of (5.0.2) we have

1
Ny =—.

m+1 A 41

N T =Ry || =

Moreover, since

RYfi=f (0=i=u,)
we have

T o(I — R}y, =T o(I — R})my
so by Lemma 5§ with n = 1, p.d. we have

I T o =R | <20 ma pill =20 7, (0) -
Thus,

(9.24) |75 (I —Ro)x || = + 2| ma, () -

m+1

Substituting (9.14), (916), (9.19), (9.20.2), (9.21), (9.22), (9.23) and (9.24) into
(9.13), we have
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: 5. 2 1
I T5x = s(Deo | =8| mp,(¥) || +a, 7+ - +—=1+

bm \/b—m A+ 1

=8| my, () || +2a, 2 pd.,

as required. This completes the proof of Lemma 9.

§10. Proof of the main result
THEOREM 10. T:(X,|| - |D—=(X, || - ||) is hypercyclic.

ProOOF. Let x, y € X with x # 0, and let £¢ > 0. We will exhibit an M such
that
| TMx —y || <e.

Without loss of generality || x || = 1. e, is obviously cyclic for T so choose a
polynomial s such that

(10.1) I s(Te;—y || <e/3.

Choose NEN so large that degs =N, |s| =N, and 2ay;"? <le. Write
n = ¢/24. By Lemma 6 there are m, n €N with m > n > N such that

0N (X)EK, »
and

I 78, ) | <.
By Lemma 9 there isa k, 1 = k < M(v,,), such that
| Tx — s(Teg || =8| ma,(x) || + 24,7
=8n+2ay" <.

By (10.1),
I T~y | <.

So T is indeed hypercyclic.

§11. Notes

The ‘without loss of generality’ clause at the start of §1 is explained in detail
in [7], indeed it is essentially just a quote from [3]. Operators without invariant
subspaces were originally found by Enflo [2] and Read [4]; Enflo’s proof was
simplified by Beauzamy [1], and Read’s proof was simplified [6] in such a
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fashion as to give an operator on /}; the existence of such an operator was first
shown in [5].

We are indebted to B. Beauzamy for drawing our attention to the question of
whether hypercyclic operators existed. His example in [1] has the slightly
weaker ‘supercyclic’ property, i.e., for each nonzero vector x, the set of scalar
multiples of vectors 77(x) is dense in the underlying space.

The author would like to thank the mathematicians at the Hebrew Univer-
sity of Jerusalem for their hospitality during the fall semester ‘86, during which
most of the work for this paper was accomplished.
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